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1. Introduction
The main motivation for this paper is the problem of constructing supersingular curves in any pos-
itive characteristic. A curve of genus 1 is said to be supersingular if, as an elliptic curve deﬁned over
an algebraically closed ﬁeld k of characteristic p, its group of p-torsion k-points is trivial. A curve C of
genus g > 1 is said to be supersingular if its jacobian variety J (C) is isogenous, as an abstract abelian
variety, to the product of g supersingular elliptic curves. This class of curves is interesting for many
reasons, and the problem of their classiﬁcation is well known to the experts of algebraic geometry in
positive characteristic. One property of supersingular curves which can be stated in elementary terms
is the following. We know after A. Weil that the number of Fq-points of a curve of genus g deﬁned
over Fq satisﬁes the following limitations:
q + 1− 2g√q #C(Fq) q + 1+ 2g√q. (1)
It is known that a curve C , deﬁned over some ﬁnite ﬁeld, is supersingular if and only C can be deﬁned
over some ﬁeld Fq2 such that the number of points #C(Fq2 ) satisﬁes one of the two equalities in the
bounds above, in other words, C is either maximal or minimal over Fq2 .
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R. Re / Finite Fields and Their Applications 15 (2009) 450–467 451In the article [4] G. van der Geer and M. van der Vlugt showed that for any given g  1 there
exists a supersingular curve in characteristic 2 of genus g and they provided a method to construct
such curves. In [1] it was formulated the question whether the same result also holds in characteristic
p > 2. This problem remains still open to the best of our knowledge. In this paper we will show a
construction of many supersingular curves over algebraically closed ﬁelds of odd characteristic by
taking quotients of Fermat curves by groups of automorphisms, giving reasonable evidence to an
aﬃrmative answer to the question above. For example, we show that in characteristic 3 there is a
supersingular curve of genus g for any g  100 except maybe for g = 59, see Theorem 13 for this and
other similar results. The starting point is the result of T. Katsura and T. Shioda in [7], stating that the
Fermat curves Xq+1 + Y q+1 + Zq+1 = 0, with q = pn and deﬁned over Fp , are supersingular. It is also
well known that any quotient of a supersingular curve will be supersingular as well. Since the Fermat
curves as above have big automorphism groups, it will be possible to produce supersingular curves in
many genera by taking quotients of these curves by subgroups of the automorphism group.
This paper is organized as follows. In Section 2 we set our notations and state some known facts
about automorphisms of Fermat curves. In Section 3 we state all our theoretical and numerical results
about genera of quotients of Fermat curves and supersingular curves. The remaining sections are
devoted to the proofs.
2. Automorphisms of Fermat curves
We work over an algebraically closed ﬁeld k of characteristic p  0. We denote by Fm the Fermat
curve of degree m deﬁned over k:
Xm + Ym + Zm = 0. (2)
We will assume that the characteristic p does not divide m, so Fm is a smooth plane curve. We will
also assume m 4, since it is well known that supersingular curves of genus 1 do exist in any positive
characteristic, so we are interested in genera g  2.
We will denote by μm the subgroup of the mth roots of 1 in k∗ . One sees that μ2m acts on Fm by
(ξ,η) : (X : Y : Z) → (ξ X : ηY : Z). Moreover the permutation group S3 acts on Fm by permutations
on the variables. Combining these two actions one can see that a semidirect product μ2m  S3 acts
on Fm .
In the special case m = q + 1, with q a power of the characteristic, there exists an action on Fm of
the group
PGU
(
3,q2
)= {A ∈ GL(3,Fq2 ): AAt = λI}/(Fq2 )∗.
Here the transposed conjugate At is deﬁned using the conjugation x → xq on Fq2 . The action of
PGU(3,q2) is simply given by matrix multiplication ρA : (X : Y : Z) → (X : Y : Z)A.
We can now state the classiﬁcation theorem for the automorphism groups of Fermat curves.
Theorem 1. (See [8].) The group Aut(Fm) has the following form:
If char(k) = 0 or char(k) = p and m = pr + 1 for any integer r, then Autk(Fm) ∼= μ2m  S3 .
If m = pr + 1= q + 1 then Autk(Fm) = PGU(3,q2).
We remark that in the case m = q + 1 the group μ2m  S3 is contained in PGU(3,q2).
When char(k) = 0 or m = q + 1, then any subgroup G of the automorphism group of (2) sits in an
exact sequence
(1) → H → G → G → (1) (3)
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an arbitrary subgroup of μ2m , followed by a quotient by a suitable subgroup of S3. As we will see
in Section 4, the ﬁrst quotient Fm/H can be an arbitrary abelian covering of P1 ramiﬁed over three
points and with exponent of the Galois group a divisor of m. So our strategy for producing formulas
for all the genera of quotients Fm/G will be to study the abelian coverings of P1 ramiﬁed over three
points, and next to ﬁnd and study those which admit an extra action of a subgroup of S3.
In the case m = q + 1 it will be useful to consider a different plane model of the Fermat curve
Fq+1 namely the Hermitian curve
H: Y q Z + Y Zq = Xq+1. (4)
An alternative form is Y q Z − Y Zq = Xq+1. These curves are isomorphic to Fq+1 over the ﬁeld Fq2 and,
over this ﬁeld, they are the only maximal curves of their genus, see [11].
The group Aut(H), isomorphic to PGU(3,q2), has two distinguished maximal subgroups A and B
(see [9] for a classiﬁcation of the maximal subgroups of PGU(3,q2)) described as follows.
• A is the group of automorphisms of H which act on the aﬃne model yq + y = xq+1 in the
following way:
σ(x) = ax+ b, σ (y) = aq+1 y + abqx+ c, (5)
with given a ∈ F∗
q2
, b ∈ Fq2 , and c ∈ Fq2 such that cq + c = bq+1. It is known that any subgroup of
Aut(H) ﬁxing a rational point of H over Fq2 is conjugate to a subgroup of A. A proof of this fact
can be found in [3].
• B is a group of automorphisms of H obtained as an extension of the group PGL(2,Fq) by μq+1:
(1) → μq+1 → B → PGL(2,Fq) → (1). (6)
One considers the covering π : H → P1 locally deﬁned via the aﬃne model xq − x = yq+1 of H
by the projection (x, y) → x. This covering is Galois with Galois group μq+1 and totally ramiﬁed
over P1(Fq). So the subgroup PGL(2,Fq) ⊆ Aut(P1), ﬁxing the set of ramiﬁcation points P1(Fq),
can be lifted to a group B of automorphisms of H containing μq+1.
We will study quotients H/G for some classes of subgroups G ⊆ A or G ⊆ B. The group A was
already considered and studied in [5] and in [3]. In the latter article, the authors were interested in
producing maximal curves over Fq2 as quotients of H. Here we enhance the study of the subgroups
G ⊂ A and calculate the genera of the quotients H/G , slightly reﬁning the results of [3]. Also in the
case G ⊂ B our analysis, though not complete, considers cases not contained in [3].
3. Statement of results
We state now all the results of the paper, postponing the proofs to the following sections. We will
assume char = 2.
3.1. Quotients of Fm by subgroups of μ2m  S3
The Fermat curve Fm is a covering of the line U + V + W = 0 by (X : Y : Z) → (Xm : Ym : Zm), and
this covering is abelian, with Galois group μ2m and ramiﬁed over three points. More generally, the
Fermat curve Fm′ is a quotient of Fm if m′ |m. The distinguished subgroup S3 ⊂ Aut(Fm) introduced
in the preceding section has the effect of permuting the ﬁbres over the three branch points in P1. It
is well known that any abelian covering π : X → P1 ramiﬁed over three points and with exponent
of the Galois group equal to m, is a quotient of the Fermat curve Fm by a subgroup of (μm)2, that
is X ∼= Fm/H with H ⊆ (μm)2. To see this fact one can look at the discussion in [2, p. 171], or in
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in terms of abelian coverings π : X → P1, ramiﬁed over the points 0,1,∞, and with Galois group A.
We set the following notations.
– (a,b) = gcd(a,b).
– [a,b] = lcm(a,b).
– vp(n) the valuation of the integer n at the prime p.
– m the exponent of A.
– For any i ∈ {0,1,∞} ⊂ P1 and for x ∈ X such that π(x) = i, we set Ai = {σ ∈ A: σ(x) = x}. This
is a cyclic group and a generator of Ai will be denoted by σi .
– ei = #(Ai), H = A0 ∩ A1, h = #(H), h′ = #(A0 ∩ A1 ∩ A∞), d = h/h′ .
We ﬁnd the following result.
Theorem 2. The following facts hold:
(1) The genus g(X) of X is given by:
g(X) = 1+ e0e1 − e0 − e1 − (e0, e1)d
2h
.
(2) An abelian covering X → P1 as above exists if and only if the following conditions are satisﬁed:
• [e0, e1] =m;
• h | (e0, e1), d | h;
• d is prime to e0e1/(e0, e1)2 and it is even if h is even and e0e1/(e0, e1)2 is odd.
To complete the study of quotients of Fermat curves in char = 0 or degree m = q + 1, we need
to consider also the cases Fm/G with G  (μm)2. Such groups G are extensions as in (3), so we
can set X = Fm/H , an abelian covering of P1 ramiﬁed over three points as above, and we want to
classify those X which admit an extra group of automorphisms P , isomorphic to a subgroup of S3,
inducing permutations of the three branch points of P1. Switching to the additive notation, we set
μ2m
∼= (Z/mZ)2. Since we can assume the existence of at least one σ ∈ P sending a point over 0 ∈ P1
to a point over 1 ∈ P1, we ﬁnd e0 = e1 =m and we can write the Galois group A of X → P1 in the
form A ∼= (Z/mZ)2/H , with H generated by an element τ ∈ (Z/mZ)2 of the form τ = m/h ⊕ tm/h,
see the discussion at the beginning of Section 4.2. Up to a choice of coordinates on P1, the possible
cases for the group of permutations P ⊆ S3 are:
Case 1. P ∼= Z/2Z, permuting the ﬁbers over 0,1;
Case 2. P ∼= Z/3Z, cyclically permuting the ﬁbers over 0,1,∞;
Case 3. P = S3, the full permutation group on the ﬁbers over the ramiﬁcation points.
We have the following results.
Theorem 3. In the notations above, X admits a group P of automorphisms P ∼= Z/2Z if and only if H =
〈m/h ⊕ tm/h〉, with t2 ≡ 1 (mod h).
In this case the formula for the genus g(X/P ) (which is equal to g(Fm/G)) can be given in terms
of the genus of g(X) as follows.
Theorem 4. For X as above and P ∼= Z/2Z, one has
g(X/P ) = g(X)/2+ εm,h,t ,
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εm,h,t =
⎧⎪⎨
⎪⎩
1/4− fm,h,t/4 if m is odd,
1/2− fm,h,t/4 if m is even and h = (h, t − 1)(h, t + 1),
1/2 or 1/2− fm,h,t/4 if m is even, h = (h, t − 1)(h, t + 1) and v2(m) = v2((h, t − 1)),
0 or 1/2− fm,h,t/4 if m is even and v2(m) = v2((h, t − 1)).
Theorem5. X admits a group of automorphisms P ∼= Z/3Z if and only if H = 〈m/h⊕tm/h〉, with t2−t+1 ≡
0 (mod h).
The genera g(Fm/G) = g(X/P ) in this case are given by the following.
Theorem 6. For X and P as in the preceding theorem, one has
g(X/P ) = g(X)/3+ εm,
with
εm =
{
0 if 3 m,
2/3 or − 1/3 if 3 |m.
Theorem 7. X admits P ∼= S3 if and only if either X is the Fermat curve of degree m, or 3 | m and H =
〈m/3⊕ 2m/3〉.
Again, we have a formula for the genera g(X/P ).
Theorem 8. If X is the Fermat curve of degree m, then
g(X/P ) = (m2 − 6m)/12+ θm,
with
θm =
⎧⎪⎨
⎪⎩
5/12 if m ≡ 1,5 (mod 6),
2/3 if m ≡ 2,4 (mod 6),
3/4 if m ≡ 3 (mod 6),
1 if m ≡ 0 (mod 6).
If h = 3, t = 2, then
g(X/P ) = (m2 − 12m)/36+ φm,
with
φm =
{
1 if m ≡ 0 (mod 2),
3/4 if m ≡ 1 (mod 2).
3.2. Quotients of H by subgroups of A
We introduce the following notations for any G ⊆ A.
• We denote by h : G → Aut(A1) the group homomorphism deﬁned by setting h(σ ) = (x → σ(x) =
ax+ b).
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p-Sylow subgroup of A.
• UG = G ∩ A1 the only p-Sylow subgroup of G , with cardinality |UG | = pu .
• VG = h(UG), with cardinality |VG | = pv .
• WG = ker(h), with cardinality |WG | = pw . Note that u = v + w .
• m is the positive integer, prime to p, such that |G| = mpu . We denote also d = (m,q + 1) and
q = pn .
A formula for the genus g(H)/G depending on the parameters introduced above, was proved by
Garcia, Stichtenoth and Xing in [3].
Proposition 9. (See cf. [3, Thm. (4.4)].) The genus of H/G is given by
g(H/G) = (p
n − pw)(pn − (d − 1)pv )
2mpu
. (7)
In order to compute all the possible genera of quotient curves H/G from this formula, one needs
to know for which values of the parameters m, v and w such a subgroup G ⊆ A does exist. We set
the following notations.
• r′ =min{ j: m | p j − 1}.
• r = r′ if r′ divides n, otherwise r = r′/2.
• t a non-zero integer such that t  n/r.
• t′ =min{ j: j  t and r j | n}.
• s =min{ j: (m/d) | p j − 1}. Note that s | r.
We ﬁnd the following theorem which extends some of the results in [3].
Theorem 10. Under the notations above, there exists a group G with parameters m, v and w if one of the
following two conditions is satisﬁed:
1) m | q − 1, r = r′ , v = rt  n, w = is, 0 i  n/s,
2) m  q − 1, r = r′/2, v = 2rt, w = rmin(2t − 1, t′) + is, w  n, i  0.
3.3. Quotients of H by subgroups of B
Since B lies in the exact sequence (6), a subgroup G ⊆ B is an extension
0→ G ′ → G → G → 0, (8)
with G ′ = G∩μq+1 and G the image of G in PGL(2,Fq). A priori G may be any subgroup of PGL(2,Fq),
but we will be satisﬁed with treating only the case G dihedral of order 2λ, with λ a divisor of q − 1.
To justify this choice, we remark that the covering π : H → P1 that gave rise to the exact sequence
(6) is totally ramiﬁed over ∞ ∈ P1, so H has a rational point Q over Fq2 lying over ∞. If G consists
of aﬃne mappings x → ax+b only, then it ﬁxes ∞ ∈ P1 and so G ﬁxes Q ∈ H. So G is conjugate to a
subgroup of A, and we do not need to treat such a case. On the other hand PGL(2,Fq) is generated by
aﬃne mappings and one involution transposing 0 and ∞, so dihedral G as above come up naturally.
The curve Hm = H/G ′ has aﬃne equation ym = xq − x, for some m | q + 1, so we can reduce
ourselves to consider quotients of curves Hm by automorphism groups G isomorphic to a dihedral
subgroup of order 2λ in PGL(2,Fq). The results about the genera g(Hm/G) are the following.
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g(Hm/G) = (m− 1)(q − 1− )
4λ
, (9)
with
 =
{
0 or 2λ if (q − 1)/λ is even,
λ if (q − 1)/λ is odd.
Theorem 12. The genus of Hm/G, for m even, is the following:
g(Hm/G) = 1
2
(
(m − 1)(q − 1)
2λ
+ 1
)
− f , (10)
with f =m/2 or f = 0 if (q + 1)/m is even, and f =m/4 if (q + 1)/m is odd.
3.4. Numerical results
One can apply the preceding formulas to quotients of supersingular Fermat curves. This means for
example that if we want to apply the results in Section 3.1, we must restrict ourselves to m a divisor
of q+1, with q any power of the characteristic. On the other hand the genera obtained from formulas
in Sections 3.2 and 3.3 will be automatically genera of supersingular curves. So done we can obtain
numerical results on the existence of supersingular curves in genera up to an arbitrary bound. Here
we show a table of genera of supersingular curves up to 100 in some odd characteristics. We used
Maple for our computations.
Theorem 13. For any integer g with 1 g  100 and
p ∈ {3,5,7,11,13,17,19,23}
there exists a supersingular curve of genus g over Fp , except possibly in the following cases:
• p = 3 and g = 59;
• p = 7 and g ∈ {49,59,87,97};
• p = 13 and g ∈ {7,13,17,19,31,47,49,59,67,89,97}.
4. Proofs
In this section we give an account of the proofs of the results stated before. Some lemmas and
propositions involving elementary arithmetics will be only sketched or left as an exercise for the
reader.
4.1. Abelian coverings of P1 ramiﬁed over three points
We start with the characteristic 0 case, leaving the reduction to characteristic p to later consider-
ations. In characteristic 0 a key tool is the Riemann Existence Theorem for Galois ramiﬁed coverings
of P1, which we will now state.
Theorem 14 (Riemann). Suppose k is algebraically closed and char(k) = 0. Let us denote π : X → P1 a Galois
ramiﬁed covering deﬁned over k, with Galois group G and branch points P1, . . . , Pr ∈ P1 with ramiﬁcation or-
ders e1, . . . , er , respectively. Such a covering exists if and only if there exist σ1, . . . , σr ∈ G of orders e1, . . . , er ,
satisfying the following conditions:
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(ii) σ1 · · ·σr = 1G .
For any x such that π(x) = Pi , the ramiﬁcation group Gx is in the conjugation class of the cyclic group gen-
erated by σi , for any i = 1, . . . , r. Moreover, the covering X → P1 is uniquely determined up to isomorphism
by the data P1, . . . , Pr, σ1, . . . , σr .
For a proof of this theorem see for example [12].
In the notations of Section 3.1, we will consider a Galois covering π : X → P1 with Galois group A
and ramiﬁed over three points 0,1,∞. We call Ai the ramiﬁcation group over i ∈ {0,1,∞} and σi a
generator of Ai . Using the additive notation for A, we will identify
A0 ∼= Z/e0Z and A1 ∼= Z/e1Z.
By Theorem 14 we can assume that σ∞ = σ0 + σ1. We set H = A0 ∩ A1, H ′ = A0 ∩ A1 ∩ A∞ and we
call h and h′ their respective orders. We will now prove a formula for e∞ in terms of e0, e1,h,h′:
e∞ = [e0, e1]h′/h = [e0, e1]/d. (11)
Let σ¯i be the image of σi in A/H . One sees that A/H is the direct sum (σ¯0) ⊕ (σ¯1), and the image
of A∞ in A/H is generated by σ¯0 ⊕ σ¯1, so it has order [e0/h, e1/h] = [e0, e1]/h. On the other hand
this image has order #(A∞)/#(A0 ∩ A1 ∩ A∞) = e∞/h′ . Hence formula (11) follows. Moreover, let
us observe that there exists a natural isomorphism A ∼= (A0 ⊕ A1)/(H), with (H) the image of
H = A0 ∩ A1 in A0 ⊕ A1 by the embedding (σ) = σ ⊕ σ . It follows
#(A) = e0e1/h. (12)
Within this setup we can prove statement (1) in Theorem 2.
Proof of statement (1) of Theorem 2. The ﬁbre over i ∈ {0,1,∞} contains #(A)/#(Ai) points, each
appearing in the ramiﬁcation divisor with multiplicity #(Ai) − 1, since char(k)  #(A). Hence the
Riemann–Hurwitz formula for the covering π gives: 2g(X)−2= (e0e1/h)(−2+ (e0 −1)/e0 + (e1−1)/
e1 + (e∞ − 1)/e∞). Statement (1) of Theorem 2 follows easily after substitution of the expression (11)
for e∞ into the equation above. 
For the proof of statement (2) of Theorem 2 we observe that, by Theorem 14, an arbitrary covering
X → P1 is determined up to isomorphism by an exact sequence 0 → A0 ∩ A1 → A0 ⊕ A1 → A → 0.
Given such a sequence, we deﬁne A∞ as the subgroup of A generated by the image of σ0⊕σ1. Calling
H the image of A0 ∩ A1 in A0 ⊕ A1, one sees that any such H is generated by an element of the form
(e0/h)σ0 ⊕ t(e1/h)σ1, with t prime to h. Fixing the parameters e0, e1, h and t , one gets the following.
Lemma 15.We denote α = e0/(e0, e1) and β = e1/(e0, e1). Then the integer d in Theorem 2 is given by
d = (h,α − tβ). (13)
Proof. One sees that (A0 ⊕ A1)/〈σ0 ⊕ σ1〉 ∼= Z/(e0, e1)Z and such an isomorphism is induced by
the map Φ : A0 ⊕ A1 →∼= Z/(e0, e1)Z deﬁned by σ0 → 1, σ1 → −1. One also sees that A/A∞ ∼=
Z/(e0, e1)/h′Z, since this group is cyclic and its order can be derived from formulas (11) and (12). It
follows that h′ is the order of the image Φ(H) of H ⊂ A0 ⊕ A1 in Z/(e0, e1)Z. This image is generated
by e0/h − te1/h. Setting r = (e0, e1) and s = e0/h − e1t/h, one ﬁnds h′ = r/(r, s). Since d = h/h′ , we
ﬁnd d = h(r, s)/r = (rh, sh)/r = (h, sh/r) = (h,α − tβ). 
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(Z/e0Z)∗ → (Z/hZ)∗ is surjective. Furthermore we observe that the set {(h,α− tβ): t prime to e0} is
equal to the set {(h, xα + yβ): x prime to e1 and y prime to e0}. Since h | (e0, e1), this latter is also
equal to the set of numbers of the form (h, D), where D = ((e0, e1), xα + yβ), with x prime to e1 and
y prime to e0.
Proof of statement (2) in Theorem 2. We start with the necessity of the given numerical conditions.
Under the notations introduced above, the exponent m of the Galois group A =Gal(X/P1) is clearly
[e0, e1], and h is a divisor of (e0, e1), since it is the order of A0 ∩ A1 ⊆ A. Moreover by formula (13),
the fact that t can be chosen prime to e0 and the fact that e0/(e0, e1) is prime to e1/(e0, e1), it follows
that d is prime to both e0/(e0, e1) and e1/(e0, e1). Finally if h is even then t is odd and if e0 and e1
have the same 2-adic valuation it follows that e0/(e0, e1) − te1/(e0, e1) is even. Hence d is even. This
proves the necessity of the conditions on the parameters e0, e1,h,d.
Now the suﬃciency. By Theorem 14 there exist abelian coverings X → P1 ramiﬁed over 0,1,∞,
with Galois group A = (σ0, σ1) with orders o(σ0) = e0 and o(σ1) = e1, any positive integers such
that [e0, e1] = m. The general structure of such A is A ∼= (Z/e0Z ⊕ Z/e1Z)/H with H generated by
an element of the form e0/h ⊕ te1/h, where h is an arbitrary divisor of (e0, e1) and t is an arbi-
trary integer prime to e0. The integer d = #(A0 ∩ A1)/#(A0 ∩ A1 ∩ A∞) is determined from t by
formula (13). When t varies we observed that d can assume any value of the form (h, D) where
D = ((e0, e1), xe0/(e0, e1) + ye1/(e0, e1)), for x and y varying in the units modulo e1 and e0 respec-
tively. The conclusion is then an immediate consequence of the next lemma. 
Lemma 16. Let a, b be positive integers. We set α = a/(a,b) and β = b/(a,b). Let D be a divisor of (a,b) such
that
1. D is prime to α and β;
2. if a and b are even and they have the same 2-adic valuation, then D is even.
Then D = ((a,b), xβ + yα) for some x, y such that (x,a) = 1, (y,b) = 1.
Proof. A non-trivial but elementary exercise in arithmetic. 
4.2. Abelian coverings of P1 ramiﬁed over 0,1,∞ with extra automorphisms
We will classify the curves X admitting a group P of extra isomorphisms as discussed in Sec-
tion 3.1, starting with the characteristic zero case. We have a diagram of ramiﬁed coverings
X
q′
p
X/P
p′
P1
q
P1/ P¯ . (14)
The covering π = qp : X → P1 is Galois with Galois group G generated by A and P . We are assuming
P ∼= P¯ . In order to determine the genus of X/P , we will study the ramiﬁcation locus of the covering q′ .
A point x ∈ X is ﬁxed by a non-trivial element of P only if its image p(x) is ﬁxed by a non-trivial
element of P¯ .
Case 1. P is generated by an order two automorphism τ which descends to the involution τ¯ of P1
which interchanges 0 and 1, and ﬁxes ∞.
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with H ∼= A0 ∩ A1 and H generated by an element of the form m/h ⊕ tm/h. The ﬁxed points of τ¯ in
P1 are ∞ and 1/2. It follows that the Galois covering π = q · p : X → P1 is ramiﬁed over the three
points q(0) = q(1), q(∞) and q(1/2).
Proof of Theorem 3. We start with the necessity of the condition. We begin by considering the Galois
covering π = qp : X → P1, with Galois group G = A  P . From the discussion of Case 1, it is clear
that we can ﬁnd generators α for A0 and β for A1 such that β = τατ−1. The stabilizer Gx of a point
x ∈ π−1(q(0)) is A0 or A1. The stabilizer Gx of a point x ∈ π−1(q(∞)) is cyclic of order 2e∞ , since
it contains both A∞ and some order 2 element, conjugated to τ ∈ P . So in this case the subgroup
of the squares of elements of Gx is A∞ . Finally the stabilizer of a point x over q(1/2) is generated
by an element of order two, conjugate to τ . By Theorem 14 we know that there are three elements
σi ∈ G , i = 1,2,3, generating ramiﬁcation groups over the points q(0), q(∞), q(1/2) respectively, such
that σ1σ2σ3 = 1. Therefore, having already set σ1 = α and σ3 = τ , we ﬁnd σ2 = α−1τ . A generator of
A∞ is then the square of σ2 = α−1τ , that is α−1β−1. By the isomorphism (Z/mZ)2/H ∼= A deﬁned
by 0⊕ 1 → α and 1⊕ 0 → β , we see that the element (1,1) ∈ (Z/mZ)2 maps to a generator of A∞ .
The conjugation by τ lifts to the automorphism of (Z/mZ)2 given by f (u ⊕ v) = v ⊕ u. The kernel
H = 〈m/h ⊕ tm/h〉 must be invariant by f and from this one easily shows t2 ≡ 1 (mod h).
Now we sketch a proof of the suﬃciency. We take X = Fm/H , with H ⊆ (Z/mZ)2 as in the
statement. H is invariant by conjugation with respect to a subgroup P ⊆ S3 of order 2 in the au-
tomorphism group (Z/mZ)2  S3 of Fm . Then one immediately sees that P descends to a group of
automorphisms of X of order 2. 
Our next task is to compute all the possible genera of the quotients X/P . The order two element
τ generating P has the general form τ = αaβbτ0, under the notations in the proof of Theorem 3,
with τ0 a ﬁxed order two automorphism inducing the transposition of 0,1 ∈ P1. We remind that
the conjugation by τ0 transposes α and β , so we ﬁnd that the condition τ 2 = 1 is equivalent
to αa+bβa+b = 1 ∈ A ∼= (Z/mZ)2/H , that is: a + b ≡ rm/h and a + b ≡ rtm/h mod m. This implies
r(t − 1) ≡ 0 mod h, which is equivalent to r ≡ 0 mod h/(h, t − 1). Setting r = sh/(h, t − 1), we may
write:
a + b = sm/(h, t − 1). (15)
We know that the possible ﬁxed points for τ are in the ﬁbres p−1(∞) and p−1(1/2). From the proof
of Theorem 3, we can assume that there is a point in p−1(∞) ﬁxed by α−1τ0 and a point in p−1(1/2)
ﬁxed by τ0. Let x0 ∈ p−1(∞) ∪ p−1(1/2) be one of such points. The points x such that p(x) = p(x0)
can be written x = gx0, with g ∈ A, and they are in one-to-one correspondence with the classes of g
in A/Ax0 . One observes that
x is ﬁxed by τ if and only if g−1τ g ∈ Gx0 .
If p(x0) = ∞, then Ax0 = 〈αβ〉 = A∞ . If p(x0) = 1/2, then Ax0 = (1). In any case Ax0 commutes with
every element in G . Moreover, by construction of x0 we know that Gx0 = 〈α−1τ0〉 if x0 ∈ p−1(∞),
or Gx0 = 〈τ0〉, if x0 ∈ p−1(1/2). In any case Gx0/Ax0 has order 2. Writing g = αuβv , the condition
above is equivalent to αv−u+aβu−v+bτ0 ∈ Gx0 , which we will write in the following equivalent form,
considering classes in G/Ax0 ∼= A/Ax0  〈τ¯0〉:
α¯v−u+aβ¯u−v+b τ¯0 ∈ Gx0/Ax0 .
So the following properties hold.
1) If x ∈ p−1(∞), then x is ﬁxed by τ if and only if α¯v−u+aβ¯u−v+b = α¯−1 in A/A∞ .
2) If x ∈ p−1(1/2), then x is ﬁxed by τ if and only if αv−u+aβu−v+b = 1 in A.
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of different solutions of the equations above of the form α¯uβ¯v as elements of A/A∞ , or αuβv as
elements of A, respectively.
In case 1), using the results of the preceding section, we know that A/A∞ is cyclic of order l =
m2/he∞ =m(h, t − 1)/h, and the quotient map A → A/A∞ ∼= Z/lZ is represented by αzβw → z − w .
So the condition in 1) is equivalent to 2(v − u) + a − b + 1≡ 0 mod l.
If l is odd, the equation above has a unique solution v − u modulo l. That is, there is only one
point x as in case 1) ﬁxed by τ . We observe that l odd is equivalent to m odd: this follows easily
from (h, t − 1) | h |m and (m, t) = 1.
If l is even, or equivalently m even, then the equation above has two solutions modulo l if a−b+1
is even and no solutions if a− b + 1 is odd. We recall that a+ b = sm/(h, t − 1), hence if m/(h, t − 1)
is even, one has a− b+ 1 odd and hence no solutions. Else, if m/(h, t − 1) is odd, one can have either
no solutions or two solutions according whether the number s in (15) is even or not.
In case 2) the equation in (u, v) to solve is (v − u + a,u − v + b) ≡ 0 mod H . This is equivalent
to v − u + a ≡ rm/h and a + b ≡ r(t + 1)m/h (mod m). We have solutions if and only if the second
equation is satisﬁed for some r.
If m is odd, then h is odd and since t2 ≡ 1 (mod h), it follows that h = (h, t − 1)(h, t + 1). There-
fore a+ b = sm/(h, t − 1) = sm(h, t + 1)/h ≡ rm(t + 1)/h (mod m) for a suitable r. Moreover there are
(h, t + 1) classes of such r’s (mod h). Hence there are m(h, t + 1)/h classes of (u, v) modulo H satis-
fying the conditions of case 2). This means that there are m(h, t +1)/h ﬁxed points for P in p−1(1/2)
when m is odd.
If m is even, we need to study the existence of integers r such that sm/(h, t − 1) ≡ rm(t + 1)/
h (mod m). This is equivalent to sh/(h, t − 1) ≡ r(t + 1) (mod h), which is possible if and only if
(h, t + 1) divides sh/(h, t − 1), that is, if (h, t + 1)(h, t − 1) divides sh. This is always the case if
h = (h, t − 1)(h, t + 1), otherwise one observes that (h, t − 1)(h, t + 1) = 2h and therefore there exists
a solution r or not according whether s is even or not. In the case when solutions do exist, the
number of ﬁxed points in p−1(1/2) is m(h, t + 1)/h, as in the case m odd.
We summarize the results of the discussion above in the following proposition.
Proposition 17. Let P = 〈τ 〉 be as in Case 1 and let us denote fm,h,t =m(h, t + 1)/h. Then the number N of
ﬁxed points for P is given by the following formulas:
N = 1+ fm,h,t if m is odd;
N = fm,h,t if m is even and h = (h, t − 1)(h, t + 1);
N = 0 or N = fm,h,t if m is even, h = (h, t − 1)(h, t + 1) and v2(m) = v2
(
(h, t − 1));
N = fm,h,t or N = 2 if m is even and v2(m) = v2
(
(h, t − 1)).
Proof. The case m odd is clear from the discussion above.
If m is even and h = (h, t − 1)(h, t + 1), then t is odd (because it is prime to m) and hence
v2(h) > v2((h, t − 1)), so, a fortiori, v2(m) > v2((h, t − 1)). From the discussion above it follows that
there are no ﬁxed points in p−1(∞) and m(h, t + 1)/h ﬁxed points in p−1(1/2), whence the formula
for N in this case.
If m is even, h = (h, t − 1)(h, t + 1) and v2(m) = v2((h, t − 1)), then m/(h, t − 1) is even and
therefore there are no ﬁxed points in p−1(∞). On the other hand, there are either m(h, t + 1)/h ﬁxed
points in p−1(1/2) or no points, according whether s is even or not.
If m is even and v2(m) = v2((h, t−1)), then m/(h, t−1) is odd. Therefore there are no ﬁxed points
in p−1(∞), or two ﬁxed points, according whether s is even or odd, respectively. Since in the present
case it also holds that h = (h, t − 1)(h, t + 1), we see that in p−1(1/2) there are m(h, t + 1)/h ﬁxed
points, or no ﬁxed points, if s is even or odd, respectively. The formula for N follows immediately.
Finally, it is clear that the cases above are the only possible ones. 
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X/P , gives 2g(X) − 2 = 2(2g(X/P ) − 2) + N . It follows g(X/P ) = g(X)/2 + (2 − N)/4, which gives
Theorem 4 by the formulas for N from Proposition 17. 
Case 2. P is generated by an order three automorphism τ such that τ¯ acts on {0,1,∞} as the 3-cycle
(0,1,∞).
We have that e0 = e1 = e∞ =m and A ∼= (Z/mZ)2/H , similarly as in Case 1. The two ﬁxed points of
τ¯ are the −η and −η2, with η a primitive third root of 1. The degenerate ﬁbres of π are respectively
p−1(0) ∪ p−1(1) ∪ p−1(∞), p−1(−η) and p−1(−η2). The canonical map X → X/P has ramiﬁcation
only over the points −η and −η2.
Proof of Theorem 5. We prove only the necessity part of the statement. The suﬃciency can be proved
similarly as in Theorem 3. From the discussion of Case 2 it follows that one can ﬁnd generators α,β,γ
of A0, A1, A∞ , respectively, which are permuted cyclically by the conjugation by τ .
There exist σ1, σ2, σ3 ∈ G , generating respectively the isotropy groups of points x in p−1(0),
p−1(−η), p−1(−η2), with σ1σ2σ3 = 1. We may assume σ1 = α, σ3 = τ and therefore σ2 = α−1τ−1.
Moreover σ2 must have order three. This implies that 1= α−1τ−1α−1τ−1α−1τ−1 = α−1γ −1β−1. This
means that A∞ is generated by γ = α−1β−1. We see then that A ∼= (Z/mZ)2/H with H invariant by
the automorphism of (Z/mZ)2 such that (0,1) → (0,1) → (−1,−1). From this it is easy to see that
t2 − t + 1≡ 1 (mod h). 
Proof of Theorem 6. We now proceed to compute the genus of X/P . Again, we have to count the
ﬁxed points of the action of P on the curve X . The group P is generated by τ = gτ0, with τ0 any
ﬁxed order three automorphism descending to the cycle (0,1,∞), and g = αaβb ∈ A, with arbitrary
a,b ∈ Z. Indeed it is easy to see that for any choice of a and b, the automorphism τ as above has
order three.
We know that the ﬁxed points of τ can be found only in the ﬁbres p−1({−η}) and p−1({−η2}).
From the proof of Theorem 5, we can assume that there is a point x0 ∈ p−1({−η}) ﬁxed by α−1τ 20 ,
and therefore also by (α−1τ 20 )2 = βτ0. Similarly, we assume there exists a point y0 ∈ p−1({−η2})
ﬁxed by τ0. We start with the study of the ﬁxed points in p−1({−η2}). By computations similar to
the ones done for Theorem 4, this is the same as counting how many elements θ ∈ A satisfy the
relation θτθ−1 = θ gτ0θ−1 = τ0. We write θ = αxβ y . Remembering the effect of the conjugation by τ
from the proof of Theorem 5, that is τατ−1 = β , τβτ−1 = α−1β−1, τα−1β−1τ−1 = α, the relation
above becomes the system of equations in Z/mZ:
x+ y + a = rm/h and − x+ 2y + b = rmt/h. (16)
Similarly the points in p−1({−η}) having τ in their ramiﬁcation group are in bijective correspondence
with the set of elements θ ∈ A such that θ gτ0θ−1 = βτ0. In this case one has to solve the system of
equation in Z/mZ:
x+ y + a = rm/h and − x+ 2y + b − 1= rmt/h. (17)
Let us consider Φ ∈ End((Z/mZ)2), deﬁned by Φ(x, y) = (x + y,−x + 2y), with detΦ = 3 and
ImΦ generated by (1,−1) and (0,3). The solutions of the system x + y ≡ rm/h and −x + 2y ≡
rmt/h (mod m), are given by the (x, y) ∈ Φ−1(H). We observe that H ⊂ ImΦ . This can be seen by
tensoring with Z/pZ for any prime p | m: it is obvious if p = 3 and if p = 3 then H ⊗ Z/3Z =
〈m/h(1, t)〉 = 〈m/h(1,−1)〉 ⊂ ImΦ(p) since −1 is the only solution of t2 − t + 1 mod 3. Therefore
Φ−1(H) will have h elements if 3  m and 3h elements if 3 | m. Furthermore it is easy to see that
H ⊂ Φ−1(H) and therefore our solutions descend to one element in A, or to three elements accord-
ing whether 3  m or 3 | m, respectively. To establish the existence of solutions for the systems (16)
and (17), we need only to look whether (a,b) or (a,b + 1) belong to ImΦ or not. In the case 3  m
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solution mod H . In the case 3 |m we observe that since (0,1) /∈ ImΦ the only possible cases are the
following: (a,b) ∈ ImΦ and (a,b + 1) /∈ ImΦ , or (a,b) /∈ ImΦ and (a,b + 1) ∈ ImΦ , or (a,b) /∈ ImΦ
and (a,b + 1) /∈ ImΦ .
In conclusion, there are two ﬁxed points for P if 3 m, three ﬁxed points or none, if 3 |m.
Using now the Riemann–Hurwitz formula we conclude the proof of Theorem 6. 
Case 3. P descends to the permutation group S3 of {0,1,∞} ⊂ P1.
As before e0 = e1 = e∞ =m. There are no points in P1 ﬁxed by every element of P¯ , so the ramiﬁ-
cation points for P1 → P1/ P¯ are all the points of the form τ (S), with τ ∈ P¯ and the possibilities for
S ∈ P1 known from Cases 1 and 2 above.
Proof of Theorem 7. Again, we give a proof of the necessity part of the characterization above. The
suﬃciency follows easily as in the proof of Theorem 3. In Case 3 the curve X has automorphisms of
both the types appearing in Cases 1 and 2. A consequence of the discussion of those cases is that H is
invariant with respect to the conjugations induced by the transposition (0,1) and the cycle (0,1,∞).
Therefore the class of t mod h satisﬁes both the conditions appearing in Theorems 3 and 5. Hence
t ≡ 2 and t2 ≡ 1 (mod h). So, either h = 1 or h = 3. In the ﬁrst case X is the Fermat curve of degree m,
in the second one H is the subgroup of (Z/mZ)2 generated by the couple (m/3,2m/3). 
Proof of Theorem 8. The curve X is covered by the Fermat curve Fm . The group P is generated by
an element τ of order two, and an element σ of order three. From the proof of Theorem 7, we know
that τ and σ lift to Fm , hence may assume τ = uτ0, σ = vσ0, with u, v ∈ A and τ0, σ0 induced by
the Fermat curve automorphisms τ0(X : Y : Z) = (Y : X : Z) and σ0(X : Y : Z) = (Z : X : Y ). We need to
ﬁnd condition on u, v such that P ∼= S3. One condition is that τ has order 2: writing u = αxβ y , this
amounts to x+ y = sm/(h, t −1), as seen in the discussion before Proposition 17. From Theorem 7 we
know that h = 1 or h = 3 and t = 2, hence the condition above is simply x+ y ≡ 0 (mod m). It follows
that τ is a conjugate of τ0, precisely τ = αxτ0α−x . This means that up to conjugation we can assume
that τ = τ0 and σ = αcβdσ0. We can further conjugate by an element in A which commutes with τ0,
for example by αdβd . We get α−dβ−dσαdβd = α−dβ−dαcβdβdα−dβ−dσ0 = αc−2dσ0. So we assume
τ = τ0 and σ = αaσ0. Another condition is that τσ must have order two. We have τσ = βaτ0σ0 =
βaτ1, where τ1 descends from the Fermat curve automorphism (X : Y : Z) → (X : Z : Y ). One ﬁnds
that (τσ )2 = (βaτ1)2 = βaα−aβ−a = α−a, so τσ has order two if and only if a ≡ 0 (mod m). Hence
P is a conjugate of 〈τ0, σ0〉. So we can reduce ourselves to P = 〈τ0, σ0〉. To complete the proof, we
will examine separately the two cases coming from Theorem 7.
The ﬁrst possibility is that X is the Fermat curve Fm . The number of ﬁxed points for τ0 is m + 1
if m odd, and m if m is even. Precisely, they are the points {(1 : −1 : 0)} ∪ {(x : x : 1): 2xm + 1 = 0},
when m is odd, and {(x : x : 1): 2xm + 1= 0}, when m is even.
The ﬁxed points for σ0 are the two points (1 : ρ : ρ2), where ρ is a primitive 3rd root of 1 if m
is not divisible by 3, and there are no ﬁxed points if m is divisible by 3. We see that there are no
points in X ﬁxed by the whole P . So the points ﬁxed by any two distinct transpositions in P form
two disjoint sets, and the total number of points ﬁxed by order two elements in P is 3(m + 1) if m
odd, and 3m if m even.
By applying the Riemann–Hurwitz formula to X → X/P , and taking into account that 2g(X)− 2=
m2 − 3m, we obtain m2 − 3m = 6(2g(X/P ) − 2) + N + 2M . Here N = 3(m+ 1) if m odd, N = 3m if m
even, and M = 2 if 3  m, M = 0 if 3 |m. The stated formula g(X/P ) = (m2 − 6m)/12 + θ(m) follows
easily.
The other possibility given by Theorem 7 is h = 3 and t = 2, hence X = C/H , with H = 〈(η,η2)〉 ⊂
(μm)
2, with η a primitive third root of the unity. From Proposition 17 we know that τ0 has m + 1
ﬁxed points if m is odd, and m ﬁxed point if m is even. A point (X : Y : Z) is ﬁxed under σ0 if and
only if there exist i ∈ Z and λ ∈ k∗ such that (ηi Z : η2i X : Y ) = λ(X : Y : Z), that is, taking Z = 1,
ηi = λX = λ2ηi Y = λ3ηi . Thus λ3 = 1, (X : Y : 1) = (λ2 : λ : 1) /∈ C , because 3 |m. So we have no ﬁxed
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and the total number is 3m, if 2 |m, and 3(m + 1), if 2  m. From Theorem 2, one ﬁnds 2g(X) − 2 =
m(m−3)/3. So the Riemann–Hurwitz formula for X → X/P gives m(m−3)/3 = 6(2g(X/P )−2)+3m
if 2 |m or m(m − 3)/3 = 6(2g(X/P ) − 2) + 3(m + 1) if 2  m. The stated formula for g(X/P ) follows
immediately. 
4.3. Reduction to characteristic p = 2
The action of (μm)2  S3 on the Fermat curve Fm is deﬁned also over Fp . By the Grothendieck
theory of the fundamental group (see in particular [6, Exp. XIII, Cor. 2.12]), the theory of Galois cov-
erings of P1 ramiﬁed over three points with Galois group of order prime to the characteristic is the
same as in characteristic 0. So, since p  m, we ﬁnd that the result in Theorem 2 remains valid, the
result in Theorem 4 is valid if p = 2, and the results in Theorems 6 and 8 are valid if p = 2,3. It
remains to consider the validity of the results in Theorems 6 and 8 in char = 3. So let p : X → P1
be an abelian covering of P1 ramiﬁed over 0,1,∞ in char = 3. We know that X is the quotient of
Fm by a subgroup H ⊆ (Z/mZ)2, and we may write P1 as the line U + V + W = 0, as in the dis-
cussion at the beginning of Section 3. Since 3  m, it easy to see as in the proof of Theorem 6 that
any order three element τ ∈ (Z/mZ)2  S3 is conjugated to a an element inducing on P1 the cyclic
permutation τ¯ : (U : V : W ) → (W : U : V ). The only ramiﬁcation point for this automorphism on P1
is the point (1 : 1 : 1). So, as in the proof of Theorem 6, there exists only one ramiﬁcation point x for
q′ : X → X/〈τ 〉, mapping to (1 : 1 : 1) ∈ P1. The contribution to the degree of the Different divisor of q′
given by x is the same as the contribution of (1 : 1 : 1) to the Different of P1 → P1/〈τ¯ 〉. One may com-
pute this latter directly in the following way. A parametrization of a neighborhood of (1 : 1 : 1) ∈ P1 is
(U : V : W ) = (1− λ : 1+ λ : 1). One sees that the rational function f = λ3/(1− λ)(1+ λ) is invariant
under the action of τ¯ , which is given by λ → λ/(1+ λ). Moreover the order of this function at λ = 0
is exactly three, so to compute the order of the Different divisor at (1 : 1 : 1), we can take the order
at λ = 0 of the differential df . With a straightforward calculation one sees this order is 4. This is the
same as the contribution to the Different degree we found in char = 0 in the case 3 m, when we ob-
tained two ﬁxed points for τ , lying over the two ﬁxed points −η and −η2 for the action of τ¯ on P1.
So the result of Theorem 6 is valid in char = 3. Similarly one can prove the validity of Theorem 8 in
char= 3, by considering the case X = Fm and the standard action of S3 on it. We leave the details to
the reader.
4.4. Groups of type A
In this section we will use the notations and deﬁnitions given in Section 3.2 and we will provide a
proof of Theorem 10 on the range of the parameters v,w,m. We will use the homomorphism h from
G to the group of aﬃne transformations of A1(Fq2 ), deﬁned in Section 3.2. In particular, we want to
describe the possible images h(G). It is well known that any ﬁnite group of aﬃne transformations
with coeﬃcients in a ﬁnite ﬁeld k, is conjugate over k to a group of the form T  Cm , where T is a
group of translations x → x+ b, and Cm is a cyclic group of order m generated by a transformation of
the form x → ax. Applying this fact to h(G), and observing that a ∈ F∗
q2
, it follows that
m = ord(a) | q2 − 1.
With little calculation it is easy to see that, up to conjugation in A, one may assume that G contains
a transformation σ such that σ(x) = ax and σ(y) = aq+1 y. Moreover T = VG . If τ (x) = x + b, then
(σ−1τσ )(x) = x+ ab, hence VG is invariant by multiplication by a. So VG is a Fp[a]-vector space.
One has Fp[a] = Fpr , with r =min{ j: m | p j − 1}, hence r | v .
If τ is an element of WG deﬁned by τ (x) = x, τ (y) = y + c, then one sees that στσ−1(x) = x and
στσ−1(y) = y + aq+1c. Hence WG is a Fp[aq+1]-vector space.
We observe that ord(aq+1) =m/d, with d = (m,q+ 1). Setting s =min{ j: (m/d) | p j − 1}, we have
that Fp[aq+1] ∼= Fps , so s | w .
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satisfy τ1(x) = x+b1 and τ2(x) = x+b2, then the commutator τ1τ2τ−11 τ−12 is in WG , and it is deﬁned
by x → x, y → y + c, with c = bq1b2 − b1bq2. For the sake of clarity, will also use the notation
bq1b2 − b1bq2 = [b1,b2],
and we will write [VG ,VG ] for the Fp-vector space generated by the [b1,b2], with b1,b2 ∈ VG . There-
fore, identifying WG = {σ ∈ G: σ(y) = y + c} with the related subset of {c ∈ Fq2 : cq + c = 0}, the
desired condition of compatibility between VG and WG is the following:
[VG ,VG ] ⊆ WG . (18)
Conversely, one can prove the following.
Proposition 18. Let a be any element of (Fq2 )
∗ . Let us assume that V ⊆ Fq2 is a Fp[a]-vector space and
W ⊆ {x ∈ Fq2 : xq + x = 0} is a Fp[aq+1]-vector space containing [V,V]. Then there exists a subgroup G ⊆ A
with order of a equal to m, VG ∼= V and WG ∼= W .
Proof. Let us ﬁx a constant γ ∈ Fq2 such that γ q + γ = 1. For any b ∈ V we deﬁne the element
b˜ ∈ A by setting b˜(x) = x+ b and b˜(y) = y + bqx+ γ bq+1. For c ∈ W we deﬁne c˜ ∈ A by c˜(x) = x and
c˜(y) = y + c. Then we consider the subgroup U generated by the set {b˜: b ∈ V} ∪ {c˜: c ∈ W}.
We know that b˜2b˜1 = c˜b˜1b˜2 with c ∈ [V,V] ⊆ W , for any b1 and b2 in V . Moreover the elements
c˜ belong to the center of U . It follows that the elements of U can be uniquely written in the form b˜c˜,
with b ∈ V and c ∈ W . In particular, given the homomorphism h : A → Aut(A1) such that h(σ ) =
(x → σ(x)), one ﬁnds: U ∩ ker(h) ∼= W and h(U) ∼= V .
Now let us consider also σ ∈ A such that σ(x) = ax and σ(y) = aq+1 y. For any element τ =
b˜c˜ ∈ U the conjugate στσ−1 acts in the following way: στσ−1(x) = x+ab, στσ−1(y) = y+ (ab)qx+
γ (ab)q+1 + aq+1c.
Since V and W are closed under multiplication by a and aq+1, respectively, U is normal in the
group G generated by σ and U . Hence G is a semi-direct product of U and the cyclic group of order
m generated by σ , and it is the subgroup of A we are looking for. 
Let a ∈ (Fq2 )∗ be an element of order m, and let V , W , v , w , d as above. We set r′ =
degree of Fp[a] over Fp and we observe that r′ =min{ j: m | p j − 1}.
We set also r = degree of Fp[a] ∩ Fq over Fp . If Fp[a] ⊆ Fq , then r′ = r. If Fp[a]  Fq , that is, if
r′ does not divide n, then r′ = 2r. Since V is a Fp[a]-vector space, we can write v = r′t . We see that
t  n/r. We also set t′ =min{ j: j  t and r j | n} and s = degree of Fp[aq+1] over Fp =min{ j: (m/d) |
p j − 1}. Note that s | r, since Fp[aq+1] is contained in Fpr = Fp[a] ∩ Fq .
Proof of Theorem 10. Case 1). Since m | q − 1, we have Fp[a] ⊆ Fq . In this case we can take V any
Fp[a]-vector space of dimension t  n/r contained in Fq . Since [Fq,Fq] = (0), one has [V,V] ⊆ W, for
any Fp[aq+1]-vector space W ⊆ {c: cq +c = 0} of dimension over Fp[aq+1] equal to i  n/s. Therefore,
by Proposition 18, we can ﬁnd a group G for any choice of the parameters as in case (1).
Case 2). Since m  q − 1, we have Fp[a] ∼= Fp2r , with r | n and n/r odd. We can write Fp[a] =
Fpr ⊕ cFpr , with 0 = c ∈ Fp2r , such that cpr + c = 0. One immediately sees that it also holds cq + c = 0.
Let us prove the “if ” part of the statement. We take a ﬁeld Fpt′r ⊆ Fq , which we write Fpt′r =
Fpr [β] = Fpr ⊕ Fprβ ⊕ · · · ⊕ Fprβt′−1. Let us consider the vector space V over Fp2r generated by
1, β, . . . , βt−1. The dimension of V over Fp2r is exactly t . Indeed 1, β, . . . , βt−1 belong to Fq and
they are independent over Fpr , whence it is easy to see that they are independent also over Fp2r =
Fpr ⊕ cFpr . Now we observe that [Fpr ,Fpr ] = [cFpr , cFpr ] = (0), and that if γ ∈ Fpr and cδ ∈ cFpr ,
then [γ , cδ] = 2cγ δ = −[cδ,γ ]. From this fact it follows that [V,V] = cFpr + cβFpr + · · · + cβ2t−2Fpr ,
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space W contained in cFq = {x: xq + x = 0}, such that W contains [V,V]. We observe that the
dimension over Fp of such a space W can assume any value w = rmin(2t − 1, t′)+ is n, with i  0.
By Proposition 18, we deduce the existence of a group G with the requested properties. 
4.5. Groups of type B
We assume G is generated by an aﬃne transformation σ(x) = ax, with a ∈ F∗q and ord(a) = λ, and
an involution τ (x) = c/x, with c ∈ F∗q . The group G is the extension of G with a subgroup G ′ ⊆ μq+1,
as in (8). Therefore, the quotient map H → H/G is the composition of the quotient map H → Y =
H/G ′ , followed by a quotient Y → Y /G ′′ , with G ′′ ∼= G . The curve Y has an equation of the form:
Y : ym = xq − x, (19)
with m a divisor of q + 1. The map π : Y → P1 given by π(x, y) = x is a Galois covering with Galois
group equal to μm , and Y has group of automorphisms AY = Aut(Y ) equal to an extension:
0→ μm → AY → PGL(2,q) → 0.
We will analyze all the possible quotients of such a curve Y with a subgroup G ′′ of AY such that
G ′′ ∼= G ∼= D2λ ⊆ PGL(2,q). The general lifts of σ and τ to elements σ˜ and τ˜ of AY are deﬁned by:
σ˜ (x) = ax, σ˜ (y) = β y, with βm = a,
τ˜ (x) = c/x, τ˜ (y) = γ y/x(q+1)/m, with γm = −c.
The relations deﬁning G are ord(σ ) = λ, ord(τ ) = 2 and τστ = σ−1. Therefore, in order to ensure
that G ′′ ∼= G , we have to impose that the group G ′′ is generated by σ˜ and τ˜ and that these elements
satisfy the same relations as σ and τ . A little calculation shows that the stated relations are equivalent
to:
bm = a, (m, λ) = 1, b2 = a q+1m ,
γm = −c, γ 2 = c q+1m . (20)
It is also easy to prove that the every element in G ′′ commutes with every element in μm =
Gal(Y /P1). Hence the composition of Galois coverings Y → P1 → P1/G is Galois, with Galois group
equal to μm · G ′′ . We have a diagram of Galois coverings:
Y
q
π
Y /G ′′
π ′
P1
p
P1/G, (21)
where π and π ′ have Galois group equal to μm and p, q have Galois group isomorphic to D2n . For a
point P ∈ Y let us consider the diagram:
466 R. Re / Finite Fields and Their Applications 15 (2009) 450–467P
q
rP/Q
rP/P ′π
Q
rQ /Q ′π ′
P ′
p
rP ′/Q ′
Q ′,
(22)
with rx/y ’s denoting ramiﬁcation orders. The following relation holds: rP/Q · rQ /Q ′ = rP/P ′ · rP ′/Q ′ =
2mλ. Now, the isomorphism h → h¯ between the Galois groups of q and p induces an injection
between the inertia groups of P and P ′ , so we ﬁnd that rP/Q | rP ′/Q ′ | 2λ. Hence we also have:
rP/P ′ | rQ /Q ′ |m. This means that Q is a ramiﬁcation point for π ′ if P is a ramiﬁcation point for π .
Since we know that π is ramiﬁed only above the set P1(Fq) and over this set the ramiﬁcation is total,
we ﬁnd that π ′ is ramiﬁed over P1(Fq)/G , with total ramiﬁcation, and maybe over some other point
of P1/G .
We now consider separately the two cases according whether m is odd or even.
(i) m odd. First of all, we need to observe that, for m odd, Eqs. (20) have a unique solution
(b, γ ) ∈ (Fq2∗)2 for any choice of (a, c) ∈ (Fq∗)2, with ord(a) = λ. By (20) we know that (m, λ) = 1,
hence also (m,2λ) = 1. So, from the relations between the ramiﬁcation orders and the observation
that rP/Q and rP ′/Q ′ divide 2λ and rQ /Q ′ , rP/P ′ divide m, we can deduce that rP/Q = rP ′/Q ′ and
rP/P ′ = rQ /Q ′ . Hence, in the case m odd, the Galois covering π ′ is ramiﬁed only over P1(Fq)/G , with
total ramiﬁcation. Therefore we will be able to compute the genus of Y /G ′′ if we know the cardinality
of P1(Fq)/G .
Lemma 19. Under the notations above, for m odd and prime to λ, the cardinality of P1(Fq)/G is equal to:
∣∣P1(Fq)/G∣∣= q − 1
2λ
+
{
2 or 1 if (q − 1)/λ is even,
3/2 if (q − 1)/λ is odd. (23)
Proof. One orbit for the action of G on P1(Fq) is {0,∞}. A point x ∈ F∗q ∼= P1 \ {0,∞} belongs to an
orbit of λ, or 2λ, elements according whether it is stabilized by one element of G of the form σ iτ , or
not. If σ iτ (x) = x then x2 = aic. If a is a square in Fq , which happens if and only if (q − 1)/λ is even,
then there are 2λ such points x, or no such x, according whether c is a square, or not. If there are
2λ such points, then they are divided into two orbits with respect to the action of G . Therefore the
total number of orbits for (q − 1)/λ even and c a square is 1+ (q − 1− 2λ)/2λ + 2 = 2+ (q − 1)/2λ.
Similarly, for (q− 1)/λ even and c not a square, one has 1+ (q− 1)/2λ orbits. This proves the part of
the stated formula when (q − 1)/λ is even. Now let us suppose that a is not a square in Fq . This is
equivalent to (q − 1)/λ odd, so in particular λ is even. In this case just half of the λ elements aic are
squares, precisely the ones with i even if c is a square, or the ones with i odd, if c is not a square.
Since λ is even, the elements σ iτ form two conjugation classes in G , according to the parity of i. So
we see that the λ elements x such that x2 = aic form just one orbit in this case. Therefore one has a
number of orbits equal to 1+ (q − 1− λ)/2λ + 1= 3/2+ (q − 1)/2λ for (q − 1)/λ odd. 
Proof of Theorem 11. Theorem 11 follows easily from the preceding lemma and applying Riemann–
Hurwitz formula to the covering π ′ : Y /G ′′ → P1/G . 
(ii) m even. By (20), in this case λ is odd. We already know that π ′ is ramiﬁed over P1(Fq)/G with
total ramiﬁcation. However, in the present case, there might be also other ramiﬁcation points for π ′ .
The relations (20), for m = 2s, are easily seen to be compatible if and only a is a square in Fq and
c is not a square, i.e. c(q−1)/2 = −1. In this case one sees that b is uniquely determined, while γ is
determined up to the sign. To get all the other possible ramiﬁcation points for π ′ , we have to look at
points P ′ ∈ P1 \P1(Fq). For any such point one has rP/P ′ = 1. Since we want to impose rQ /Q ′ > 1 and
P ′ is not a ramiﬁcation point for π , we have to impose that rP ′/Q ′ > 1, and therefore the inertia group
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So we have rP/Q rQ /Q ′ = 2, and ﬁnally we impose rP/Q = 1 to get rQ /Q ′ = 2 > 1. Points P ′ ∈ P1 with
these properties correspond to x ∈ F∗
q2
such that x2 = aic, for some i, but γ bi/x(q+1)/m = −1. These
conditions ensure that σ iτ (P ′) = P ′ , but σ˜ i τ˜ (P ) = P . Since the order of σ˜ is odd, and hence σ˜ = σ˜ 2k ,
for suitable k, one can prove that the set of the x as above, is in bijection with the set of the z such
that z2 = c and γ /z(q+1)/m = −1, by setting z = σ˜−ik(x). Now let us consider the two square roots ±z
of c. If (q + 1)/m is even, then none or both of ±z satisfy the above requirements, according to the
choice of the sign of γ . Moreover, one can check that z and −z are not in the same orbit of G , which
is consequence of the fact that λ is odd. So, if (q + 1)/m is even, we ﬁnd 2 or 0 points in Q ′ ∈ P1/G ,
outside P1(Fq)/G , over which π ′ is ramiﬁed, with ramiﬁcation orders equal to 2. In particular there
are exactly m/2 points Q ∈ Y /G ′′ over each such Q ′ .
On the other hand, if (q + 1)/m is odd, for any possible choice of γ , just one among ±z gives an
extra ramiﬁcation. In conclusion we have:
Lemma 20. For m even the ramiﬁcation divisor R of π ′ has degree deg(R) = (m− 1)(q− 1)/2λ+ (m− 1)+
δ ·m/2 with δ = 0 or δ = 2 if (q + 1)/m is even, and δ = 1 if (q + 1)/m is odd.
Proof. From the discussion above it follows deg(R) = (m−1)|P1(Fq)/G|+ δ ·m/2. But, in our case, no
non-trivial element in G ﬁxes any point in F∗q = P1 \ {0,∞}. So we have: |P1(Fq)/G| = 1 + q−12λ , and
the result follows immediately. 
Proof of Theorem 12. This is a straightforward application of the Riemann–Hurwitz formula to the
covering π ′ : Y /G ′′ → P1/G . 
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